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Abstract
Motivated by a special consideration in quantum measurement, we present a new improved
energy-momentum tensor. The new tensor differs from the traditional canonical and symmetric
ones, and can be derived as No¨ther current from a Lagrangian with second derivative. We also
attempt to construct a gravitational coupling in such a way that the new energy-momentum tensor
becomes the source of the gravitational field. The theory we obtain is of an Einstein-Cartan type,
but derived from a minimal coupling of a Lagrangian with second-derivative, and leads to additional
interaction between torsion and matter, including the scalar field. For the scalar field, the theory
can also be derived in the Riemann space-time by a non-minimal coupling. Our study gives hint
on more general tests of general relativistic effects.
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I. INTRODUCTION
Being the conserved current associated with the symmetry of space-time translation,
energy-momentum tensor is among the most fundamental quantity in both classical and
quantum physics [1], and is particularly important for the formulation of a consistent grav-
itational theory [2–4]. There are two popular expressions of energy-momentum tensor. One
is the canonical energy-momentum tensor, derived from No¨ther’s theorem:
T µνcano = −
∂Lst(ϕ, ∂ϕ)
∂(∂µϕ)
∂νϕ+ ηµνLst, (1)
where Lst(ϕ, ∂ϕ) is the standard expression of matter Lagrangian in terms of the field ϕ
and its first derivative, and the Minkowski metric tensor ηµν has signature (−+++). The
other is the symmetric energy-momentum tensor, known as the Belinfante tensor:
T µνsymm = T
µν
cano −
i
2
∂ρ[
∂Lst
∂(∂ρϕa)
(Σµν)abϕ
b +
∂Lst
∂(∂νϕa)
(Σµρ)abϕ
b +
∂Lst
∂(∂µϕa)
(Σνρ)abϕ
b], (2)
where Σµν are a set of matrices satisfying the algebra of the homogeneous Lorentz group:[Σµν ,Σρσ] =
2i(ηµ[σΣρ]ν − ην[ρ|Σµ|σ]). In this paper, [ ]/( ) means antisymmetrization/symmetrization,
and indices inside | | are excluded from symmetrization or antisymmetrization. Applied to
gravitational theory, the symmetric energy-momentum tensor leads to Eenstein’s general
relativiy, and the canonical energy-momentum tensor leads to Eenstein-Cartan theory [4, 5].
In this paper, we present a new type of energy-momentum tensor, and apply it to explore
what theory we get by setting the new energy-momentum tensor as the gravitational source.
To show the difference, let us first give the explicit expression of our new energy-momentum
tensor. It is
T µνnew = −
∂Lst
∂(∂µϕ)
←→
∂ νϕ = −1
2
( ∂Lst
∂(∂µϕ)
∂νϕ− ∂ν ∂Lst
∂(∂µϕ)
ϕ
)
, (3)
where
←→
∂ ν = 1
2
(
−→
∂ ν −←−∂ ν). The explicit forms of our new energy-momentum tensors for the
scalar, Dirac, and vector fields are:
T µνnew = ∂
µφ
←→
∂ νφ =
1
2
(∂µφ∂νφ− φ∂µ∂νφ), (4a)
T µνnew = −iψγµ
←→
∂ νψ =
i
2
[−ψγµ∂νψ + (∂νψ)γµψ], (4b)
T µνnew = F
µρ←→∂ νAρ = 1
2
(F µρ∂νAρ − ∂νF µρAρ). (4c)
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II. DERIVATION OF THE NEW EXPRESSION
Our motivation to re-examine the expression of energy-momentum tensor is that the con-
served current is not uniquely determined by the conservation law, which can only prescribe
total conserved charge, and much debate arose[6–8]. On the other hand, the conserved cur-
rent densities do have independent physical meanings. The most familiar example is that
the energy-momentum tensor acts as the source of gravitational field in gravitational theory.
In this paper, we seek to set a constraint on the energy-momentum.
Our consideration is that if a quantum wave is in mutual eigen-state of more than one
physical observables, and a simultaneous measurement of these observables can be performed,
then the currents associated with these observables must be proportional to each other.
The hint on such correlation of currents comes from classical particles: When one catches
a classical particle, one catches all its physical quantities: charge, energy, momentum, etc.
Thus, for a beam of identical particles with the same energy ε and momentum pj for each
particle, the energy flux density ~K0 must be proportional to the momentum flux density ~Kj:
~K0
ε
=
~Kj
pj
= ~Kn, (5)
with ~Kn the flux density of particle number. The case will be trivial if all components of
pj are identical for the particles, but non-trivial cases can be designed if just one or two
components of pj are set identical. The same remark applies to the discussion of quantum
wave below.
By the assumption of quantum measurement, when a quantum wave collapses to a local
spot, all its physical quantities will localize simultaneously to that same spot. In this way, a
quantum wave should exhibit similar correlation of currents as for classical particles: If the
wave is in mutual eigen-state of energy ε and momentum pj , then the density of energy flow
T i0 and the density of momentum flow T ij must satisfy a constraint similar to Eq. (5):
T i0
ε
=
T ij
pj
, (6)
so that one can have
T i0 · dSi
ε
=
T ij · dSi
pj
=
dN
dt
, (7)
where N is the number of particles received at the surface element d~S.
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It is interesting and surprising that the conventional expressions of energy-momentum
tensor do not show the above correlation. For example, taking the canonical expression in
Eq. (1), and making use of the eigen-state assumption ∂0ϕ = iεϕ, ∂jϕ = ipjϕ, we have:
T i0cano → −iε
∂Lst
∂(∂iϕ)
ϕ, (8a)
T ijcano → −ipj
∂Lst
∂(∂iϕ)
ϕ+ δijLst. (8b)
This satisfies the constraint in Eq. (6) for the transverse momentum flow, namely T ij with
i 6= j. But for the longitudinal momentum flow T jj, the Lagrangian term in Eq. (8b) makes
a trouble for Eq. (6), except for the Dirac field ψ which has L ψst = 0 when applying the
equation of motion.
Such a Lagrangian term also exists in the symmetric expression of energy-momentum ten-
sor, which therefore does not fulfill the constraint in Eq. (6), either. In fact, the symmetric
energy-momentum tensor stands an even worse situation with respect to such a constraint:
One can check with the familiar electromagnetic field that it does not guarantee Eq. (6)
even for i 6= j.
Our new expression of energy-momentum tensor in Eq. (3) does not contain the La-
grangian term. In the next part of this section, we derive an equivalent and more illumi-
nating expression than Eq. (3) to display that such current-correlation property can be
safely guaranteed for a quantum wave in mutual eigen-state of energy and some momentum
component.
The conventional canonical energy-momentum tensor is derived as a No¨ther current with
the conventional Lagrangian Lst(ϕ, ∂µϕ). From our above discussion, we see that it almost
satisfies the constraint in Eq. (6), except for the Lagrangian term which does not in general
vanish. Since the Lagrangian of a field can be modified by a surface term without changing
the equation of motion, this gives us a hint that if we can find a general expression of
Lagrangian which always vanishes after applying the equation of motion, then the derived
No¨ther current will automatically satisfy the constraint in Eq. (6). In what follows, we show
that it is indeed so.
The conventional standard Lagrangians of free scalar, Dirac, and vector fields take the
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following forms, respectively:
L
φ
st = −
1
2
∂µφ∂µφ− 1
2
m2φ2, (9a)
L
ψ
st =
1
2
ψ(iγµ∂µ −m)ψ + h.c, (9b)
L
A
st = −
1
4
FµνF
µν − 1
2
m2AµAµ. (9c)
By noticing that a free-field Lagrangian Lst(ϕ, ∂µϕ) is necessarily quadratic in the field
variable and its derivative, it can be put in a unified form:
Lst(ϕ, ∂µϕ) =
1
2
[
ϕ
∂Lst
∂ϕ
+ (∂µϕ)
∂Lst
∂(∂µϕ)
]
. (10)
By adding a proper surface term, we obtain the desired new expression of Lagrangian
Lnew(ϕ, ∂µϕ, ∂µ∂νϕ):
Lnew = Lst − 1
2
∂µ
[
ϕ
∂Lst
∂(∂µϕ)
]
(11a)
=
1
2
ϕ
[∂Lst
∂ϕ
− ∂µ ∂Lst
∂(∂µϕ)
]
, (11b)
which clearly vanishes by the Euler-Lagrange equation of motion.
The explicit forms of our new Lagrangian for the scalar, Dirac, and vector fields are:
L
φ
new =
1
2
φ(∂µ∂
µ −m2)φ, (12a)
L
ψ
new =
1
2
ψ(iγµ∂µ −m)ψ + h.c., (12b)
L
A
new =
1
2
Aν(∂µF
µν −m2Aν). (12c)
For the Dirac field, the “new” Lagrangian actually equals the traditional expression, which
is already zero by the equation of motion.
Notice that the new Lagrangian Lnew contains a second derivative, thus the derivation
of No¨ther current is a little bit (but not much) more involved [9]. The result is:
T µνnew = −i
[ ∂Lnew
∂(∂µφa)
+
∂Lnew
∂(∂µ∂σφa)
∂σ − ∂σ ∂Lnew
∂(∂σ∂µφa)
]
Pνφa, (13)
where Pν = −i∂ν is the quantum-mechanical four-momentum operator. We call this a
“hyper-canonical” form, as it is a single expression with the single operator inserted for the
desired observable. Such a hyper-canonical form clearly guarantees the current-correlation
property as we elaborated above for a quantum wave in mutual eigen-state of two or more
components of Pν .
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By a slight algebra, Eq. (13) can be converted into the more convenient expression with
the conventional Lagrangian Lst containing only the first derivative:
T µνnew = −
∂Lst
∂(∂µϕ)
←→
∂ νϕ = −1
2
( ∂Lst
∂(∂µϕ)
∂νϕ− ∂ν ∂Lst
∂(∂µϕ)
ϕ
)
. (14)
If one considers further the measurement of angular momentum, a proper expression
satisfying the correct correlation of currents can also be derived:
Mµνρnew =
(
xµT ρνnew − xνT ρµnew
)
+
(− i ∂Lnew
∂(∂ρϕa)
Σµνabϕb −
1
2
ηρν
∂Lnew
∂(∂µϕa)
ϕa +
1
2
ηρµ
∂Lnew
∂(∂νϕa)
ϕa
)
≡ Lµνρnew + sµνρnew. (15)
In the next section, we wish to explore what theory we get by setting the new energy-
momentum tensor as the gravitational source.
III. THE GRAVITATIONAL COUPLING FROMTHENEWENERGY-MOMENTUM
TENSOR
The simplest way to switch on the gravitational interaction is by minimal coupling,
namely, replacing the Lorentz-covariant quantities in the flat space-time action of matter
fields with their counterparts which are covariant under arbitrary coordinate transformation.
Let us first make this attempt in the Riemann space-time, starting with the Lagrangian in
Eq. (11b) which can give the desired No¨ther currents:
Lnew(ϕ, ∂ϕ, ∂
2ϕ)→√gL˜new(ϕ, ∇˜ϕ, ∇˜∇˜ϕ) = √gL˜st(ϕ, ∇˜ϕ)− 1
2
√
g∇˜µ
[
ϕ
∂L˜st
∂(∇˜µϕ)
]
, (16)
where g is the determinant of the metric tensor, and X˜ denotes a quantity X in the Rie-
mann space-time. For example, ∇˜µ signifies the covariant derivative built with Christoffel
connection. However, nothing new will be gained in the Riemann space-time, in which the
covariant Gauss’ theorem tells us that the surface term in Eq. (16) is irrelevant:
1
2
√
g∇˜µ
[
ϕ
∂L˜st
∂(∇˜µϕ)
]
= ∂µ
[1
2
√
gϕ
∂L˜st
∂(∇˜µϕ)
]
. (17)
So let us try instead the Riemann-Cartan space-time with non-zero torsion. To facilitate
the inclusion of spinor field, we use the tetrad formalism [2, 10], in which the gravitational
theory is described by an action principle of the form
I(eaµ, ω
a
bµ, ϕ) =
∫
d4xe[
1
16πG
R(eaµ, ω
a
bµ) + L(e
a
µ, ω
a
bµ, ϕ)], (18)
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where R is the curvature scalar with torsion, e is the determinant of the tetrad eaµ, and
L is the lagrangian for matter. In this paper, Latin and Greek letters denote Lorentz
and coordinate indices, respectively. The tetrad quantities are defined by gµν = e
a
µe
b
νηab,
ηab = ea
µeb
νgµν , and ω
a
bµ is the spin connection as appear in the covariant derivative, e.g.,
of a Lorentz-vector Aa = eaµA
µ: ∇µAa = ∂µAa + ωabµAb.
When varying the total action of matter and geometry I = Ig+ Im with respect to tetrad
and spin connection independently, one can obtain equations of motion of gravitation:
Gµa = 8πGT
µ
a, Sabµ = −4πGsabµ. (19)
The Einstein tensor Gµν = eaνGµa is generally asymmetric. Sµνρ(= eaµebνSabρ = Sµνρ +
gµρSν − gνρSµ) is called the modified torsion tensor, and the torsion tensor is Sµνρ = Γρ[µν] =
ωρ[µν]+ea
ρ∂[νe
a
µ]. Its trace Sµν
ν ≡ Sµ is defined as the torsion vector. The energy-momentum
tensor and spin tensor can be conveniently evaluated as
Tµν ≡ eaν · (Tµa ≡ 1
e
δIm
δeaµ
)
, sµνρ ≡ eaµebν ·
(
sa
bρ ≡ −2
e
δIm
δωabµ
)
. (20)
In the Einstein-Cartan theory, the matter Lagrangian Lst is constructed via minimal
coupling of the standard Lagrangian:
Lst(ϕ, ∂ϕ)→ eLst(e, ω, ϕ,∇ϕ), (21)
and presets the conventional cannoical energy-momentum and spin tensors as the source of
gravity. In our model, it is constructed via minimal coupling of the Lagrangian in Eq. (11b):
Lnew(ϕ, ∂ϕ, ∂
2ϕ)→ eLnew(e, ω, ϕ,∇ϕ,∇∇ϕ) = eLst(e, ω, ϕ,∇ϕ)− 1
2
e∇µ
[
ϕ
∂Lst
∂(∇µϕ)
]
. (22)
With ∇µAµ = ∇˜µAµ + 2SµAµ [2], the last term in Eq. (22) can be expressed as:
1
2
e∇µ
[
ϕ
∂Lst
∂(∇µϕ)
]
=
1
2
e∇˜µ
[
ϕ
∂Lst
∂(∇µϕ)
]
+ eSµϕ
∂Lst
∂(∇µϕ) = ∂µ
[1
2
eϕ
∂Lst
∂(∇˜µϕ)
]
+ eSµϕ
∂Lst
∂(∇µϕ) .
(23)
It’s not hard to see that the equivalence between L and Lnew in flat or even Riemann
space-time is lost in the Riemann-Cartan space-time. The difference between the matter
action Inewm (e, ω, ϕ) in our model and that in the Einstein-Cartan theory is
Inewm (e, ω, ϕ) =
∫
d4xeLnew(ϕ,∇ϕ,∇∇ϕ) = IECm −
∫
d4xeϕ
∂L
∂(∇µϕ)Sµ. (24)
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We will show in the next section with the specific scalar, spinor, and vector fields that in
our model the energy-momentum tensor is exactly the covariant extension of T µνnew in Eq. (3).
Thus, guided by the new energy-momentum tensor, we can indeed arrive at a sensible model
of gravitational interaction, derived by minimal coupling of a specific and valid Lagrangian
in flat space-time.
It should be remarked that our model can also be viewed as one with minimal coupling.
The point is that the equivalence between Lst and Lnew in flat or even Riemann space-time is
lost in the Riemann-Cartan space-time. If one regards Lnew as the fundamental Lagrangian,
our model is a minimal-coupling one. On the other hand, if priority is assigned to Lnew
which contains only the first derivative, then as the last expression of Eq. (17) indicates,
our model can be viewed as an extension of Einstein-Cartan theory by including a non-
minimal coupling between matter and torsion. Such ambiguity of minimal coupling in the
Einstein-Cartan space-time had already been discussed before [11–13]. From our analysis in
this paper, even the original Einstein-Cartan action can be regarded as one of non-minimal
coupling, were our Lnew given a priority.
IV. EXPLICIT CONSTRUCTION FOR SCALAR, SPINOR, ANDVECTOR FIELDS
In this section, we present explicitly the new gravitational coupling for the scalar, spinor,
and vector fields, respectively, and verify that the gravitational source is indeed the covariant
extension of the energy-momentum tensor and spin tensor currents as required to properly
describe the fluxes of conserved quantities in quantum measurement.
A. Scalar field
The proper flat space-time Lagrangian for the free scalar field φ in the form of Eq. (11b)
is:
L
new
φ = φ(∂µ∂
µ −m2)φ. (25)
In the spirit of Eq. (24), the corresponding action in Riemannian-Cartan space-time is
Inewφ (e, ω, φ) =
∫
d4xe
1
2
[φ(∇a∇a −m2)φ] ≡
∫
d4xeLnewφ (e, ω, φ) (26a)
=
∫
d4xe[−1
2
∇aφ∇aφ− 1
2
m2φ2 + φ(∇aφ)Sa] ≡
∫
d4xeL
′new
φ (e, ω, φ). (26b)
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As we noted above, the first expression is of the form of minimal coupling, while the second
expression displays a non-minimal coupling, which indicates clearly that the scalar field
interacts with torsion. This action gives the equation of motion for φ:
1
2
∇a∇aφ+ 1
2
∗
∇a
∗
∇a φ−m2φ = 0, (27)
where
∗
∇a= ∇a − 2Sa,
∗
∇a= ∇a − 2Sa is called the modified divergence. It compares to
∗
∇a ∇aφ−m2φ = 0 (28)
in the Einstein-Cartan theory with the action
Iφ(e, ω, φ) =
∫
d4xe[−1
2
∇aφ∇aφ− 1
2
m2φ2]. (29)
By computing Eq. (20) explicitly and applying the covariant equation of motion, we get
the tetrad energy-momentum tensor and tetrad spin tensor of the scalar field:
Tµν =
1
2
∗
∇µ φ∇νφ− 1
2
φ∇ν∇µφ+ gµνLnewφ , sµνρ =
1
2
(gνρφ∇µφ− gµρφ∇νφ). (30)
In the flat space-time limit, they reduce to the forms in Eqs. (3) and (15):
T
µν
(0) = T
µν
eff = ∂
µφ
←→
∂ νφ, s
µνρ
(0) = s
µνρ
eff = η
[ν|ρφ∂|µ]φ. (31)
The last term in Eq.(30) and Eq.(31) might be regarded as an extra ”spin” current, or
more exactly a ”pseudo-spin” current, as this current does not contribute to the component
M0ijnew and thus does not contribute to the integrated spin ”charge”. We call it ”spin” just
because it is anyway not an orbital type, it can join the traditional spin current to couple
to the space-time torsion in a modified gravitational model.
B. Spinor field
For the Dirac spinor field, our model actually coincides with the Einstein-Cartan theory.
The reason is that the usual expression of Dirac Lagrangian in flat space-time:
Lψ =
i
2
ψγµ∂µψ − 1
2
mψψ + h.c., (32)
is itself zero when applying the Dirac equation, thus is already of the form in Eq.(11b). So,
when going to Riemannian-Cartan space-time, our approach gives the same action of the
Einstein-Cartan type:
Iψ(e, ω, ψ, ψ) =
∫
d4xe
( i
2
ψγa∇aψ − 1
2
mψψ + h.c.
) ≡ ∫ d4xeLψ, (33)
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where ∇aψ = eaµ(∂µ + i4σabωabµ)ψ. The equations of motion are
i
2
γa∇aψ + i
2
γa
∗
∇a ψ −mψ = 0, i
2
∇aψγa + i
2
∗
∇a ψγa +mψ = 0 (34)
which resemble more of Eq. (27) in our model, rather than Eq. (28) in the Einstein-Cartan
theory.
The tetrad energy-momentum tensor and tetrad spin tensor of the Dirac field are trivial
covariant extension of the familiar canonical expressions:
Tµν = − i
2
ψγµ∇νψ + h.c. + gµνLψ, sµνρ = 1
4
ψ(γρσµν + σµνγρ)ψ. (35)
C. Vector field
For a massive vector field, the proper flat space-time Lagrangian in the form of Eq. (11b)
is:
L
new
A =
1
2
Aν(∂µF
µν −m2Aν). (36)
Following again Eq. (24), we get the corresponding action in Riemann-Cartan space-time:
InewA (e, ω, A) =
1
2
∫
d4xe[Ab(∇aF ab −m2Ab)] ≡
∫
d4xeLnewA (e, ω, A) (37a)
=
∫
d4xe(−1
4
F abFab − 1
2
m2A2 + AbFabS
a) ≡
∫
d4xeL
′new
A (e, ω, A). (37b)
Viewed either as a minimal-coupling one or non-minimal-coupling one, this action gives a
spin-torsion interaction of both the traditional type as in Einstein-Cartan theory, and a new
type related to the extra spin current in Eq. (15). It gives the equation of motion:
1
2
∇aF ab + 1
2
∗
∇a
∗
F ab −m2Ab = 0, (38)
compared to
IA(e, ω, A) =
∫
d4xe(−1
4
F abFab − 1
2
m2A2),
∗
∇a F ab −m2Ab = 0 (39)
in the Einstein-Cartan theory. Again, it is Eq. (38) of our model rather than Eq. (39) of
the original Einstein-Cartan theory that resembles more of Eq. (34). Together with the
similarity between Eqs. (27) and (34), this might be regarded as a hint that our chosen
Lagrangian in Eq. (11b) is better for minimal coupling in the Einstein-Cartan space-time.
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Inserting our new action into Eq. (20) and applying the covariant equation of motion, we
get the tetrad energy-momentum tensor and tetrad spin tensor of the massive vector field:
Tµν =
1
2
∗
F µρ ∇νAρ − 1
2
∇νF µρAρ + gµνLnewA , sµνρ = A[µF ν]ρ +A[µ
∗
F ν]ρ +g[ν|ρAλF
|µ]λ, (40)
where
∗
F µν≡
∗
∇µ Aν−
∗
∇ν Aµ.
Again, in the flat space-time limit, they reduce to the forms in Eqs. (3) and (15):
T
µν
(0) = T
µν
eff = F
µρ←→∂ νAρ, sµνρ(0) = sµνρeff = 2A[µ|F |ν]ρ + ηρ[ν|F |µ]αAα. (41)
V. ALTERNATIVE THEORY FOR THE SCALAR FIELD
It is notable that although the scalar field in our model acquires a spin current, its
new energy-momentum tensor remains symmetric. This suggests that we may conjecture a
model within the Riemann space-time to assign our new energy-momentum tensor as the
gravitational source. This goal, however, can only be possibly achieved with a substantially
non-minimal coupling, which cannot be converted into a total divergence and thus can
survive in the Riemann space-time. We find that the following action makes such a model:
I(g, φ) = Ig(g)+Iφ(g, φ) =
∫
d4x
√
g
R˜
16πG
+
∫
d4x
√
g(−1
2
∇˜µφ∇˜µφ− 1
2
m2φ2+
1
8
R˜φ2). (42)
Here X˜ denotes a quantity X in the Riemann space-time. For example, Γ˜ρµν signifies the
Christoffel connection. The action contains a non-minimal R˜φ2 interaction, with the cou-
pling coefficient fixed to be 1/8. It gives an energy-momentum tensor of the scalar field
Tµν =
2√
g
δIφ(g, φ)
δgµν
=
1
2
(∇˜µφ∇˜νφ− φ∇˜µ∇˜νφ)− 1
4
R˜µνφ2. (43)
In the limit of flat space-time, this agrees with Eq. (31) of Section IVA.
Note that the scalar field here is not necessarily a fundamental field as employed in
cosmological models. It can as well describe a spin-less composite particle.
VI. DISCUSSION
As the Einstein-Cartan theory does, our model leads to spin contact interaction, but
of more extensive structures. Certainly, the test of such contact interaction has to await
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extremely precise measurements [14–16], but it does not mean that our discussion is purely
academic. In fact, the most valuable light which our study might shed on the test of
gravitational effect, independent of the possible merit of our gravitational-coupling model
itself, is that if T µνg differs from T
µν
new, then some peculiar effect may occur. For example,
in Einstein’s general relativity, it is T µνg that couples to gravity, while during a quantum
measurement the effective fluxes of energy and momentum of a quantum wave is dictated by
T µνnew in Eq. (3), which is indeed different from T
µν
g . This may lead to some kind of non-local
violation of universality of free fall for quantum waves, and one may conjecture a possible
gravitational discrimination of freely falling atomic waves of different species.
In this paper, we have worked with massive vector field to avoid the discussion of gauge
invariance, which is highly tricky and controversial [1]. In the Riemann-Cartan space-time,
the minimal coupling between gauge field and torsion is gauge-dependent and hence often
abandoned [17]. Nethertheless, the recent technique to construct gauge-invariant gluon spin
[1, 18, 19] may be adopted to build a gauge-invariant minimal coupling of photon or gluon
to torsion. Thus, exploring the interaction between torsion and gauge particles is of vital
importance and interest for the fundamental aspects of not only gravity, but also gauge
theory.
We thank Wei Xu and De-Tian Yang for helpful discussion. This work is supported by
the China NSF via Grants No. 11535005 and No. 11275077.
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